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Abstract
Let Fq be the finite field with q elements, where q is a prime power and n be a positive integer. In
this paper, we explore the factorization of f(xn) over Fq, where f(x) is an irreducible polynomial
over Fq. Our main results provide generalizations of recent works on the factorization of binomials
xn − 1. As an application, we provide an explicit formula for the number of irreducible factors of
f(xn) under some generic conditions on f and n.
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1. Introduction
The factorization of polynomials over finite fields plays an important role in a wide variety of tech-
nological situations, including efficient and secure communications, cryptography [8], deterministic
simulations of random process, digital tracking system [7] and error-correcting codes [1].
For instance, certain codes can be constructed from the divisors of special polynomials; for λ ∈ F∗q
and n a positive integer, each divisor of xn − λ in Fq[x] determines a λ-constacyclic code of length
n over Fq . In fact, each λ-constacyclic code of length n can be represented as an ideal of the ring
Rn,λ = Fq[x]/〈x
n−λ〉, and each ideal of Rn,λ is generated by a unique factor of x
n−λ. In addition,
if g ∈ Fq[x] is an irreducible factor of x
n − λ, the polynomial x
n−λ
g(x) generates an ideal of
Fq [x]
(xn−λ) that
can be see as a minimal λ-constacyclic code of lenght n and dimension deg(g(x)). In particular, in
order to determine every minimal λ-constacyclic code, the factorization of xn−λ over Fq is required.
Some partial results about this problem can be found in [10, 11, 13]. The case λ = 1 corresponds to
the well known cyclic codes (see [9]).
We observe that the polynomial xn − λ is of the form f(xn), where f(x) = x − λ ∈ Fq[x] is an
irreducible polynomial. The following theorem provides a criterion on the irreducibility of composed
polynomials f(xn) when f is irreducible.
Theorem 1.1 ([9] Theorem 3.35). Let n be a positive integer and f ∈ Fq[x] be an irreducible poly-
nomials of degree k and order e. Then the polynomial f(xn) is irreducible over Fq if and only if the
following conditions are satisfied:
(1) rad(n) divides e,
(2) gcd
(
n, q
k−1
e
)
= 1 and
(3) if 4 divides n then qk ≡ 1 (mod 4).
In addition, in the case that the polynomial f(xn) is irreducible, it has degree kn and order en.
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In the present paper, we consider f ∈ Fq[x] an irreducible polynomial of degree k and order e, and
impose some condition on n (similar to the ones in [3]) that make the polynomial f(xn) reducible.
We then discuss the factorization of f(xn) over Fq. In [3], the authors considered the factorization of
xn − 1 ∈ Fq[x], where n is a positive integer such that every prime factor of n divides q − 1. A more
general situation is considered by Wu, Yue and Fan [16]. In the first part of this paper, we generalize
these results for polynomial of the form f(xn), where f ∈ Fq[x] is irreducible. We further consider a
more general situation when there exists some prime divisor of n that does not divide q − 1.
2. Explicit Factors of f(xn)
Throughout this paper, Fq denotes the finite field with q elements, where q is a prime power. Also,
Fq denotes the algebraic closure of Fq. For any positive integer k, rad(k) denotes the product of the
distinct prime divisors of k and, for each prime divisor p of k, νp(k) is the p-adic valuation of k. In
other words, if k = pα11 p
α2
2 · · · p
αs
s then rad(k) = p1 · · · ps and νpi(k) = αi. If f ∈ Fq[x] is a polynomial
not divisible by x, the order of f(x) is the least positive integer e such that f(x) divides xe − 1. It is
known that if f(x) is an irreducible polynomial over Fq[x] of degree m, then each root α of f is an
element of Fqm and, if f(x) 6= x, the order e of f is the multiplicative order of α and m = orde q. In
addition, the roots of f(x) are simple and they are given by α, αq , · · · , αq
m−1
. Let σq be denote the
Frobenius automorphism of Fq given by σq(α) = α
q for any α ∈ Fq. This automorphism naturally
extends to the ring automorphism
Fq[x] −→ Fq[x]
amx
m + · · ·+ a1x+ a0 7−→ a
q
mx
m + · · ·+ aq1x+ a
q
0,
that we also denote by σq.
The following well-known result provides some properties on the p-adic valuation of numbers of
the form aj − 1 with a ≡ 1 (mod p). Its proof is direct by induction so we omit the details.
Lemma 2.1 (Lifting the Exponent Lemma). Let p be a prime and νp be the p-valuation. The
following hold:
(1) if p is an odd prime such that p divides a− 1 then νp(a
k − 1) = νp(a− 1) + νp(k);
(2) if p = 2 and a is odd number, then
ν2(a
k − 1) =
{
ν2(a− 1) if k is odd,
ν2(a
2 − 1) + ν2(k)− 1 if k is even.
In this section, we give an explicit factorization of polynomial f(xn) over Fq[x], where f(x) is an
irreducible polynomial in Fq[x] and n satisfies some special conditions. This result generalizes the
ones found in [3], where the authors obtain the explicit factorization of xn − 1 ∈ Fq[x] under the
condition that rad(n) divides q − 1. We have the following preliminary result.
Lemma 2.2. Let n be a positive integer such that rad(n) divides q − 1 and let f ∈ Fq[x] be an
irreducible polynomial of degree k and order e, with gcd(ek, n) = 1. Additionally, suppose that q ≡ 1
(mod 4) if 8 divides n. Let r be a positive integer such that nr ≡ 1 (mod e). If α ∈ Fq is any root of
f(x), θ ∈ F∗q is an element of order d = gcd(n, q − 1) and t is a divisor of
n
d
, the following hold:
(a) the polynomial gt(x) :=
k−1∏
i=0
(x− αtrq
i
) is irreducible over Fq, has degree k and order e;
(b) for each nonnegative integer u ≥ 0 such that gcd(u, t) = 1, the polynomial gt(θ
uxt) is irreducible
in Fq[x] and divides f(x
n).
Proof. We split the proof into cases.
(a) Since f ∈ Fq[x] is irreducible of degree k and α is one of its roots, α ∈ Fqk and α
qk = α. In
particular, σq(gt(x)) =
k−1∏
i=0
(x − αtrq
i+1
) =
k−1∏
i=0
(x − αtrq
i
) and so gt ∈ Fq[x]. In order to prove
that gt(x) is irreducible, it suffices to show that the least positive integer i for which α
rtqi = αrt
is i = k. We observe that αrtq
i
= αrt if and only if αrt(q
i−1) = 1, that is also equivalent to
rt(qi − 1) ≡ 0 (mod e). The result follows from the fact that gcd(e, tr) = 1 and orde q = k.
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(b) Suppose that λ is a root of gt(θ
uxt), or equivalently, λtθu is a root of gt(x). Then there exists
j ∈ N such that λtθu = αtrq
j
. In particular,
αq
j
= αnrq
j
=
(
αtrq
j
)n
t
=
(
λtθu
)n
t = λn.
Therefore, λn = αq
j
is a root of f(x) and so any root of gt(θ
uxt) is also root of f(xn). This shows
that gt(θ
uxt) divides f(xn). Now we are left to prove that gt(θ
uxt) is, in fact, irreducible over
Fq. Since gt(θ
ux) is irreducible, we only need to verify that gt(θ
ux) and t satisfy the conditions
of Theorem 1.1. We observe that each root of gt(θ
ux) is of the form θ−uαtrq
i
, hence
ord gt(θ
ux) = ord(θ−uαtrq
i
) = ord(αtrq
i
) · ord(θ−u) =
ed
gcd(u, d)
,
where in the second equality we use the fact that gcd(e, n) = 1 and d divides n. Since gcd(u, t) = 1
and rad(t) divides d, we have that rad(t) divides dgcd(u, d) . In particular, rad(t) divides ord gt(θ
ux).
Next, we verify that gcd
(
t,
qk − 1
ord gt(θux)
)
= 1. In fact,
gcd

t, qk − 1
e
d
gcd(u, d)

 = gcd
(
t,
(qk − 1) gcd(u, d)
ed
)
.
In addition, gcd(u, t) = 1, gcd(n, e) = 1 and rad(t) divides d (that divides n). Therefore,
gcd(t, e) = 1 and so
gcd
(
t,
(qk − 1) gcd(u, d)
ed
)
= gcd
(
t,
qk − 1
d
)
.
Let p be any prime divisor of t, hence p also divides n. Since gcd(n, k) = 1, we have that p does
not divide k. In particular, νp(k) = 0 and k is odd if p = 2. From Lemma 2.1, we have that
νp(q
k − 1) = νp(q − 1) + νp(k). Therefore, νp(q
k − 1) = νp(q − 1). In addition, t divides
n
d
and
so νp(n) > νp(d). Since
νp(d) = νp(gcd(n, q − 1)) = min{νp(n), νp(q − 1)},
we conclude that νp(d) = νp(q − 1) and νp
(
qk − 1
d
)
= 0. But p is an arbitrary prime divisor of
t and so we conclude that gcd
(
t,
qk − 1
d
)
= 1. Finally, we need to verify that q ≡ 1 (mod 4) if
4 divides t. Since t divides ngcd(n,q−1) and every prime divisor of n divides q − 1, if 4 divides t, it
follows that gcd(n, q − 1) is even and ngcd(n,q−1) is divisible by 4. Therefore, n is divisible by 8.
From our hypothesis, q ≡ 1 (mod 4).
The main result of this paper is stated as follows.
Theorem 2.3. Let f ∈ Fq[x] be a monic irreducible polynomial of degree k and order e. Let q, n, r, θ
and gt(x) be as in Lemma 2.2. Then f(x
n) splits into monic irreducible polynomials over Fq as
f(xn) =
∏
t|m
∏
1≤u≤d
gcd(u,t)=1
θ−ukgt(θ
uxt) (1)
where m := n
d
= ngcd(n,q−1) .
Proof. We observe that the factors gt(θ
uxt) for 1 ≤ u ≤ d with gcd(u, t) = 1 are all distinct. In
fact, if gt(θ
uxt) = gt(θ
wxt) for some 1 ≤ u,w ≤ d with gcd(u, t) = gcd(w, t) = 1, there exists a
nonnegative integer i such that θ−uαtr = θ−wαtrq
i
, that is equivalent to θw−u = αtr(q
i−1) and then(
θu−w
)e
=
(
αtr(q
i−1)
)e
= 1.
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The last equality entails that the order of θ divides (w − u)e. From hyothesis, gcd(n, e) = 1, hence
gcd(d, e) = 1 and so d divides w − u. Since |w − u| < d, we necessarily have w = u. Let h(x) be the
polynomial defined by the product at the RHS of Eq. (1). Since the factors of this product are monic,
pairwise distinct. and divide f(xn), h(x) is monic and divides f(xn). In particular, the equality
f(xn) = h(x) holds if and only if h(x) and f(xn) have the same degree, i.e., deg(h(x)) = nk. Since
t divides m, rad(t) divides rad(n) (hence divides q − 1) and so rad(t) divides d. Therefore, for each
divisor t of n
d
, the number of polynomials of the form θ−ukgt(θ
uxt) with 1 ≤ u ≤ d and gcd(u, t) = 1
equals
d
rad(t)
ϕ(rad(t)) =
dϕ(t)
t
, where ϕ is the Euler Phi function. In particular, the degree of h(x)
equals ∑
t|m
dϕ(t)
t
tk = dk
∑
t|m
ϕ(t) = dkm = nk.
Corollary 2.4. Let f(x), n and m be as in Theorem 2.3. For each divisor t of m, the number of
irreducible factors of f(xn) of degree kt is
ϕ(t)
t
. gcd(n, q−1). The total number of irreducible factors
of f(xn) in Fq[x] is
gcd(n, q − 1).
∏
p|m
p prime
(
1 + νp(m)
p− 1
p
)
.
Proof. This result is essentially the same result of Corollary 3.2b in [3]. We know, from Theorem 2.3,
that f(xn) splits into monic irreducible polynomials as
f(xn) =
∏
t|m
∏
16u6d
gcd(u, t)=1
θ−kugt(θ
uxt).
In the proof of Theorem 2.3, we show that for each divisor t of m, the number of polynomials of the
form gt(θ
uxt) equals
ϕ(rad(t))
rad(t)
d =
ϕ(rad(t))
rad(t)
gcd(n, q − 1) =
ϕ(t)
t
gcd(n, q − 1)
Therefore, the total number of irreducible factors of f(xn) equals:∑
t|m
ϕ(t)
t
gcd(n, q − 1) = gcd(n, q − 1)
∑
t|m
ϕ(t)
t
= gcd(n, q − 1)
∏
p|m
p prime
(
1 + νp(m)
p− 1
p
)
,
where the last equality is obtaned following the same steps as in the proof of Corollary 3.2b in [3].
Example 2.5. Let f(x) = x3 +4x2 +6x+1 ∈ F11[x] and n = 5
a, a ≥ 1. We observe that f(x) is an
irreducible polynomial of order 14 over F11. In fact,
Φ14(x) =
x14 − 1
(x7 − 1)(x+ 1)
= f(x)h(x) and ord14(11) = 3,
where h(x) = x3 +6x2+4x+1. In particular, f(x) and n satisfy the conditions of Theorem 2.3 and,
following the notation of Theorem 2.3, we can take θ = 3. For n = 5, we have that r = 3 and
g1(x) = (x− α)(x − α
−3)(x− α−5) = f(x).
Therefore,
f(x5) =
∏
1≤u≤5
9uf(3ux).
If a ≥ 2, we can take r = 3a and for each integer 0 ≤ b ≤ a− 1,
g
5b
(x) =
{
(x− α)(x − α9)(x− α11) if a− b is odd
(x− α3)(x− α5)(x− α13) if a− b is even.
Therefore,
f(x5
a
) =
∏
1≤u≤5
9uf(3ux) ·
∏
1≤b<a
b even
4∏
u=1
9uf(3ux5
b
)
∏
1≤b<a
b odd
4∏
u=1
9uh(3ux5
b
).
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2.1. Applications of Theorem 2.3
Here we present some interesting situations where Theorem 2.3 gives a more explicit result. We
recall that, for a positive integer e with gcd(e, q) = 1, the e-th cyclotomic polynomial Φe(x) ∈ Fq[x]
is defined recursively by the identity xe− 1 =
∏
m|eΦm(x). Of course, any irreducible factor of Φe(x)
has order e. The following classical result provides the degree distribution of the irreducible factors
of cyclotomic polynomials.
Theorem 2.6 ([9] Theorem 2.47). Let e be a positive integer such that gcd(e, q) = 1 and set k =
orde q. Then Φe(x) factors as
ϕ(e)
k
irreducible polynomials over Fq, each of degree k.
The following result entails that, if we know the factorization of Φe(x) (resp. x
e−1), under suitable
conditions on the positive integer n, we immediately obtain the factorization of Φe(x
n) (resp. xen−1).
Theorem 2.7. Let e be a positive integer such that gcd(e, q) = 1, set k = orde q and l =
ϕ(e)
k
.
Additionally, suppose that n is a positive integer such that rad(n) divides q − 1, gcd(n, ke) = 1 and
q ≡ 1 (mod 4) if n is divisible by 8. If Φe(x) =
∏
1≤i≤l fi(x) is the factorization of Φe(x) over Fq,
then the factorization of Φe(x
n) over Fq is given as follows
Φe(x
n) =
l∏
i=1
∏
t|m
∏
1≤u≤d
gcd(u,t)=1
θ−ukfi(θ
uxt), (2)
where d = gcd(n, q − 1), m = n
d
and θ ∈ Fq is any element of order d. In particular, if x
e − 1 =∏N
i=1 Fi(x) is the factorization of x
e − 1 over Fq, then the factorization of x
en − 1 over Fq is given
as follows
xen − 1 =
N∏
i=1
∏
t|m
∏
1≤u≤d
gcd(u,t)=1
θ−u·deg(Fi)Fi(θ
uxt). (3)
Proof. We observe that, for any 1 ≤ i ≤ l, fi(x) has order e and, from Theorem 2.6, fi has degree
k. In particular, from hypothesis, we are under the conditions of Theorem 2.3. For each divisor t
of m, let gt,i be the polynomial of degree k and order e associated to fi as in Lemma 2.2. From
Theorem 2.3, we have that
fi(x
n) =
∏
t|m
∏
1≤u≤d
gcd(u,t)=1
θ−ukgi,t(θ
uxt),
hence
Φe(x
n) =
l∏
i=1
fi(x
n) =
l∏
i=1
∏
t|m
∏
1≤u≤d
gcd(u,t)=1
θ−ukgi,t(θ
uxt).
In particular, in order to obtain Eq. (2),it suffices to prove that, for any divisor t of m, we have
the following equality
l∏
i=1
gt,i(x) =
l∏
i=1
fi(x). (4)
Since each gt,i is irreducible of order e, gt,i divides Φe(x) =
∏
1≤i≤l fi(x) and so Eq. (4) holds if and
only if the polynomials gt,i are pairwise distinct. We then verify that such polynomials are, in fact,
pairwise distinct. For this, if gt,i = gt,j for some 1 ≤ i, j ≤ l, from definition, there exist roots αi, αj
of fi and fj , respectively, such that
αrti = α
rtqh
j ,
for some h ≥ 0, where r is a positive integer such that rn ≡ 1 (mod e). Raising the n
t
-th power in
the last equality, we obtain αi = α
qh
j , i.e., αi and α
qh
j are conjugates over Fq. Therefore, they have
the same minimal polynomial, i.e., fi = fj and so i = j. This concludes the proof of Eq. (2). We
now proceed to Eq. (3). From definition,
xen − 1 =
N∏
i=1
Fi(x
n) =
∏
m|e
Φm(x
n).
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In particular, in order to prove Eq. (3), we only need to verify that Eq. (2) holds when replacing e by
any of its divisors. If m divides e, k′ = ordm q divides k = ordm q. Therefore, gcd(n, ke) = 1 implies
that gcd(n, k′m) = 1. In particular, Eq. (2) holds for e = m.
As follows, we provide some particular situations where Theorem 2.7 naturally applies. It is well-
known that if P is an odd prime number and a is a positive integer such that gcd(a, P ) = 1 and
ordP 2 a = ϕ(P
2) = P (P −1), then ordP s a = ϕ(P
s) for any s ≥ 1 (i.e., if a is a primitive root modulo
P 2, then is a primitive root modulo P s for any s ≥ 1). In particular, from Theorem 2.6, we have the
following well known result.
Corollary 2.8. Let P be an odd prime number such that ordP 2 q = ϕ(P
2) = P (P − 1), i.e., q is
a primitive root modulo P 2. Then, for any s ≥ 1 and 1 ≤ i ≤ s, ΦP i(x) is irreducible over Fq. In
particular, for any s ≥ 1, the factorization of xP
s
− 1 over Fq is given by
xP
s
− 1 = (x− 1)
s∏
i=1
ΦP i(x).
Combining the previous corollary with Eq. (3) we obtain the following result.
Corollary 2.9. Let P be an odd prime number such that ordP 2 q = ϕ(P
2) = P (P − 1), i.e., q is a
primitive root modulo P 2. Additionally, let n be a positive integer such that rad(n) divides q − 1 and
gcd(n, P − 1) = 1. Set d = gcd(n, q − 1) and m = n
d
. If θ is any element in Fq of order d then, for
any s ≥ 1, the factorization of ΦP s(x
n) and xP
sn − 1 over Fq are given as follows
ΦP s(x
n) =
∏
t|m
∏
1≤u≤d
gcd(u,t)=1
θu·ϕ(P
s)ΦP s(θ
uxt),
and
xP
sn − 1 =

∏
t|m
∏
1≤u≤d
gcd(u,t)=1
(xt − θu)

 ×

 ∏
1≤i≤s
∏
t|m
∏
1≤u≤d
gcd(u,t)=1
θu·ϕ(P
i)ΦP i(θ
uxt)

 .
Corollary 2.9 extends Lemma 5.3 in [4], where the case n a power of a prime r 6= P that divides
q−1 (but does not divide P −1) is considered. As follows, we provide some examples of Corollary 2.9.
Example 2.10. Let q be a prime power such that q − 1 ≡ 3, 6 (mod 9) and q is primitive modulo
25 = 52 (there exist 2 · ϕ(20) = 16 residues modulo 225 = 9 · 25 with this property). We observe that
Corollary 2.9 applies to P = 5 and n = 3a with a ≥ 1. We have that d = gcd(q − 1, 3a) = 3 and
m = 3a−1. If θ ∈ Fq is any element of order 3, for any a, s ≥ 1, we have that
x5
s3a − 1 =

a−1∏
t=0
∏
1≤u≤3
gcd(u,3t)=1
(x3
t
− θu)

×

 s∏
i=1
a−1∏
t=0
∏
1≤u≤3
gcd(u,3t)=1
θ−u·ϕ(5
i)Φ5i(θ
ux3
t
)

 ,
where Φ5i(x) = x
4·5i−1 + x3·5
i−1
+ x2·5
i−1
+ x5
i−1
+ 1 for i ≥ 1.
Example 2.11. Let q be a prime power such that gcd(q − 1, 25) = 5 and q is primitive modulo 9
(there exist 4·ϕ(6) = 8 residues modulo 225 = 25·9 with this property). We observe that Corollary 2.9
applies to P = 3 and n = 5a with a ≥ 1. We have that d = gcd(q − 1, 5a) = 5 and m = 5a−1. If
θ ∈ Fq is any element of order 5, for any a, s ≥ 1, we have that
x5
a3s − 1 =

a−1∏
t=0
∏
1≤u≤5
gcd(u,5t)=1
(x5
t
− θu)

×

 s∏
i=1
a−1∏
t=0
∏
1≤u≤5
gcd(u,5t)=1
θ−u·ϕ(3
i)Φ3i(θ
ux5
t
)

 ,
where Φ3i(x) = x
2·3i−1 + x3
i−1
+ 1 for i ≥ 1.
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Example 2.12. Let q be a prime power such that gcd(q − 1, 225) = 15 and q is primitive modulo
289 = 172 (there exist ϕ(15) · ϕ(17 · 16) = 1024 residues modulo 225 · 289 with this property). We
observe that Corollary 2.9 applies to P = 17 and n = 3a5b. For simplicity, we only consider the case
a, b ≥ 1 (the cases a = 0 or b = 0 are similarly treated). We have that d = gcd(q − 1, 3a5b) = 15 and
m = 3a−15b−1. If θ ∈ Fq is any element of order 15, for any a, b, s ≥ 1, we have that
x3
a5b17s − 1 =

 ∏
0≤t1≤a−1
0≤t2≤b−1
∏
1≤u≤15
gcd(u,3t1 5t2 )=1
(x3
t15t2 − θu)

×

 ∏
1≤i≤s
∏
0≤t1≤a−1
0≤t2≤b−1
∏
1≤u≤15
gcd(u,3t1 5t2 )=1
θ−u·ϕ(17
i)Φ17i(θ
ux3
t15t2 )

 ,
where Φ17i(x) =
∑16
j=0 x
j·17i−1 for i ≥ 1.
3. The general case
In the previous section, we provided the factorization of f(xn) over Fq under special conditions
on f and n. In particular, we assumed that rad(n) divides q − 1 and q ≡ 1 (mod 4) if n is divisible
by 8. In this section, we show a natural theoretical procedure to extend such result, removing these
conditions on n. In order to do that, the following definition is useful.
Definition 3.1. Let n be a positive integer such that gcd(n, q) = 1 and set Sn = ordrad(n) q. Let sn
be the positive integer defined as follows
sn :=
{
Sn if q
Sn 6≡ 3 (mod 4) or n 6≡ 0 (mod 8),
2Sn otherwise.
In particular, the previous section dealt with positive integers n for which sn = 1. Throughout
this section, we fix f ∈ Fq[x] an irreducible polynomial of degree k and order e and consider positive
integers n such that gcd(n, ek) = 1, sn > 1 and gcd(sn, k) = 1. In addition, as a natural extension of
the previous section, d denotes the number gcd(n, qsn − 1) and m = n
d
= ngcd(n,qsn−1) .
We observe that, since gcd(sn, k) = 1, the polynomial f is also irreducible over Fqsn . Let α be
any root of f . From Theorem 2.3, the irreducible factors of f(xn) in Fqsn [x] are the polynomials
Gt,u(x) :=
k−1∏
i=0
(xt − θ−uαtrq
isn
), (5)
where
• r is a positive integer such that rn ≡ 1 (mod e);
• t is a divisor of m;
• θ ∈ F∗qsn is any element of order d;
• gcd(t, u) = 1, 1 ≤ u ≤ d.
Now, for each polynomial Gt,u, we need to determine what is the smallest extension of Fq that
contains its coefficients. This will provide the irreducible factor of f(xn) (over Fq) associated to Gt,u.
Definition 3.2. For t and u as above, let lt,u be the least positive integer v such that Gt,u(x) ∈ Fqv [x].
Remark 3.3. Since Gt,u(x) ∈ Fqsn [x], we have that lt,u is a divisor of sn. Using the Frobenius
automorphism, we conclude that every irreducible factor of f(xn) in Fq[x] is of the form
lt,u−1∏
j=0
σjq(Gt,u(x)).
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Remark 3.4. We observe that
lt,u−1∏
j=0
σjq(Gt,u(x)) =
lt,u−1∏
j=0
k−1∏
i=0
(xt − σjq(θ
−uαtrq
isn
)),
is a polynomial of weight (i.e., the number of nonzero coefficients is) at most
k · lt,u + 1 ≤ k · sn + 1.
In particular, if f(x) = x − 1, the weight of every irreducible factor of xn − 1 is at most sn + 1; the
cases sn = 1 and sn = 2 are treated in [3], where the irreducible factors are binomials and trinomials,
respectively.
The following lemma provides a way of obtaining the numbers lt,u. In particular, we observe that
they do not depend on t.
Lemma 3.5. The number lt,u is the least positive integer v such that
gcd(n, qsn − 1)
gcd(n, qv − 1)
divides u.
Proof. By definition, lt,u is the least positive integer v such that Gt,u ∈ Fqv [x]. This last condition is
equivalent to
(θ−uα−tr)q
v
= θ−uα−trq
isn
for some integer i.
Therefore, θ−u(q
v−1) = α−tr(q
isn−qv). In particular, we have that ord(θ−u(q
v−1)) = ord(α−tr(q
isn−qv)).
Since the orders of θ and α are relative prime, we conclude that
d
gcd(d, u(qv − 1))
=
e
gcd(e, tr(qisn − qv))
= 1.
In particular, d = gcd(n, qsn−1) divides u(qv−1). Since v divides sn, q
v−1 divides qsn−1 and so we
have that gcd(gcd(n, qsn − 1), qv − 1) = gcd(n, qv − 1). Therefore, gcd(n,q
sn−1)
gcd(n,qv−1) divides u. Conversely,
if v is any positive integer such that gcd(n,q
sn−1)
gcd(n,qv−1) divides u, we have that d = gcd(n, q
sn − 1) divides
u(qv − 1) and so θ−u(q
v−1) = 1. In particular, for any positive integer i such that isn ≡ v (mod k)
(since gcd(k, sn) = 1, such an integer exists), we have that
αq
isn−qv = 1 = θ−u(q
v−1).
From the previous observations, we conclude that Gt,u ∈ Fqv [x].
Definition 3.6. For each divisor s of sn, set
Λt(s) = |{Gt,u ∈ Fqs [x]|Gt,u divides f(x
n)}|
and
Ωt(s) = |{Gt,u ∈ Fqs [x]|Gt,u divides f(x
n) and Gt,u /∈ Fqv [x] for any v < s}|,
where the polynomials Gt,u are given by the formula (5).
We obtain the following result.
Lemma 3.7. Let t be a positive divisor of m and rn,t be the smallest positive divisor of sn such that
gcd
(
gcd(n, qsn − 1)
gcd(n, qrn,t − 1)
, t
)
= 1. For an arbitrary divisor s of sn, the following hold:
(a) if rn,t does not divide s, we have that Λt(s) = Ωt(s) = 0;
(b) If rn,t divides s, we have that
Λt(s) =
ϕ(t)
t
gcd(n, qs − 1)
and
Ωt(s) =
ϕ(t)
t
∑
rn,t|v|s
µ
( s
v
)
gcd(n, qv − 1),
where µ is the Mo¨bius function.
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Proof. From Lemma 3.5, we have that Gu,t ∈ Fqs [x] if and only if
gcd(n,qsn−1)
gcd(n,qs−1) divides u. Since
gcd(u, t) = 1, if Gu,t(x) is in Fqs [x], it follows that gcd
(
gcd(n,qsn−1)
gcd(n,qs−1) , t
)
= 1. Suppose, by contradic-
tion, that rn,t does not divide s and Λt(s) 6= 0. Therefore, we necessarily have that
gcd
(
gcd(n, qsn − 1)
gcd(n, qs − 1)
, t
)
= gcd
(
gcd(n, qsn − 1)
gcd(n, qrn,t − 1)
, t
)
= 1
However, for each prime divisor p of t, we have that
min{νp(n), νp(q
sn − 1)} = min{νp(n), νp(q
rn,t − 1)} = min{νp(n), νp(q
s − 1)} ≥ 1.
If s′ = gcd(rn,t, s), then there exist positive integers a and b such that s
′ = arn,t − bs and
νp(q
s′ − 1) = νp(q
arn,t−bs − 1) = νp(q
arn,t − qbs)
≥ min{νp(q
arn,t − 1), νp(q
bs − 1)}
≥ min{νp(q
rn,t − 1), νp(q
s − 1)}.
In particular, min{νp(n), νp(q
sn − 1)} = min{νp(n), νp(q
s′ − 1)} for every prime divisor of t, a con-
tradiction since s′ < rn,t. Now, let s be a positive divisor of sn such that rn,t|s. Every factor Gu,t
of f(xn) that is in Fqs satisfies the conditions gcd(u, t) = 1, 1 ≤ u ≤ gcd(n, q
sn − 1) and gcd(n,q
sn−1)
gcd(n,qs−1)
divides u. Then u = gcd(n,q
sn−1)
gcd(n,qs−1) u
′, with gcd(u′, t) = 1, 1 ≤ u′ ≤ gcd(n, qs − 1).
In addition, if p is a prime divisor of t, we have that p divides m and then νp(n) > νp(q
sn −1) ≥ 1.
However, p ∤ gcd(n,q
sn−1)
gcd(n,qs−1) and so p divides q
s − 1. It follows that rad(t) divides qs − 1. We conclude
that the number of elements u′ satisfying the previous conditions equals
Λt(s) = ϕ(rad(t)) ·
gcd(n, qs − 1)
rad(t)
=
ϕ(t)
t
gcd(n, qs − 1).
Finally, we observe that Λt(s) =
∑
v|sΩt(v) and so the Mo¨bius inversion formula yields the following
equality
Ωt(s) =
∑
v|s
µ
( s
v
)
Λt(v) =
∑
rn,t|v|s
µ
(s
v
) ϕ(t)
t
gcd(n, qv − 1).
Theorem 3.8. Let f ∈ Fq[x] be a irreducible polynomial of degree k and order e. Let n be a positive
integer such that gcd(n, ek) = 1 and gcd(k, sn) = 1. The number of irreducible factors of f(x
n) in
Fq[x] is
1
sn
∑
t|m
ϕ(t)
t
∑
rn,t|v|sn
gcd(n, qv − 1)ϕ
(sn
v
)
,
or equivalently
1
sn
∑
v|sn
gcd(n, qv − 1)ϕ
(sn
v
) ∏
t|mv
(
1 + νp(mv)
p− 1
p
)
.
where mv = max
{
t
∣∣∣ t divides m and gcd(gcd(n,qsn−1)gcd(n,qv−1) , t) = 1}.
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Proof. The number of irreducible factors of f(xn) in Fq[x] is
∑
t|m
ϕ(t)
t
∑
s|sn
1
s
Ωt(s) =
∑
t|m
ϕ(t)
t
∑
rn,t|s|sn
1
s
∑
v′| s
rn,t
µ
(
s
rn,tv′
)
gcd(n, qv
′rn,t − 1)
=
∑
t|m
ϕ(t)
t
∑
s′| sn
rn,t
1
rn,ts′
∑
v′|s′
µ
(
s′
v′
)
gcd(n, qv
′rn,t − 1)
=
∑
t|m
ϕ(t)
t
∑
v′| sn
rn,t
gcd(n, qv
′rn,t − 1)
rn,t
∑
v′|s′| sn
rn,t
µ
(
s′
v′
)
s′
=
∑
t|m
ϕ(t)
t
∑
v′| sn
rn,t
gcd(n, qv
′rn,t − 1)
v′rn,t
∑
s′′| sn
v′rn,t
µ(s′′)
s′′
=
∑
t|m
ϕ(t)
t
∑
rn,t|v|sn
gcd(n, qv − 1)
v
∑
s| sn
v
µ(s)
s
=
1
sn
∑
t|m
ϕ(t)
t
∑
rn,t|v|sn
gcd(n, qv − 1)ϕ
(sn
v
)
.
4. Factors of f(xn) when sn is a prime number
In this section, as an application of previous results, we consider some cases when sn is a prime
number. Throughout this section, for each gcd(q, d) = 1, ∼d denotes the equivalent relation defined
as follows: a ∼d b if there exists j ∈ N such that a ≡ bq
j (mod d).
4.1. The case rad(n)|(q − 1) and sn 6= 1
This case is the complementary of Theorem 2.3, where q ≡ 3 (mod 4) and 8|n but keeping the
condition rad(n)|(q − 1).
Theorem 4.1. Let n be an integer and q be power of a prime such that 8|n and q ≡ 3 (mod 4). Let
θ be an element in F∗
q2
with order d = gcd(n, q2 − 1) and f(x) be an irreducible polynomial of degree
k odd and order e. In addition, let gt(x) be as in Lemma 2.2 . Then d = 2
l gcd(n, q − 1), where
l = min{ν2(
n
2 ), ν2(q + 1)} and f(x
n) splits into irreducible factors in Fq[x] as
f(xn) =
∏
t|m
t odd
∏
16w6gcd(n,q−1)
gcd(w, t)=1
β−wkgt(β
wxt)
∏
t|m
∏
u∈Rt
[θ−uk(q+1)gt(θ
uxt)gt(θ
uqxt)], (6)
where m = n
d
= ngcd(n,q2−1) , β = θ
2l is a gcd(n, q− 1)-th primitive root of the unity and Rt is the set
of q-cyclotomic classes
Rt =
{
u ∈ N|1 ≤ u ≤ d, gcd(u, t) = 1, 2l ∤ u
}
/ ∼d,
In addition, the total number of irreducible factors of f(xn) in Fq[x] is:
gcd(n, q − 1)
(
1
2
+ 2l−2(2 + ν2(m))
) ∏
p|m
p prime
(
1 + νp(m)
p− 1
p
)
.
Proof. Since q ≡ 3 (mod 4) and 8|n, we have that sn = 2,
d = gcd(n, q2 − 1) = 2 gcd
(
n
2
,
q − 1
2
(q + 1)
)
= 2 gcd
(
n
2
,
q − 1
2
)
gcd
(n
2
, q + 1
)
,
where
gcd
(n
2
, q + 1
)
= 2min{ν2(
n
2 ), ν2(q+1)} = 2l.
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It follows from Lemma 3.5 that Gtu(x) = θ
−ukgt(θ
uxt) /∈ Fq[x] if
gcd(n, q2 − 1)
gcd(n, q − 1)
= 2l does not
divide u, i.e. the class of u is in Rt. Then the factorization in Eq. (6) follows from Remark 3.4. Since
rn,t is a divisor of sn = 2, in order to determine how many factors of each degree we need to consider
two cases: rn,t = 1 or rn,t = 2. If rn,t = 1, we have that t satifies the following equalities
gcd
(
gcd(n, q2 − 1)
gcd(n, q − 1)
, t
)
= gcd(2l, t) = 1,
and so t must be odd. If rn,t = 2, since rn,t is minimal with this property, it follows that t must be
even. In conclusion, the number of irreducible factor of f(xn) in Fq[x] equals
1
2
∑
v|2
gcd(n, qv − 1)ϕ
(
2
v
) ∏
t|mv
(
1 + νp(mv)
p− 1
p
)
=
1
2
gcd(n, q − 1)
∏
p|m1
(
1 + νp(m)
p− 1
p
)
+
1
2
gcd(n, q2 − 1)
∏
p|m2
(
1 + νp(m)
p− 1
p
)
=
1
2
gcd(n, q − 1)
∏
p|m
p 6=2
(
1 + νp(m)
p− 1
p
)
+
1
2
gcd(n, q2 − 1)
∏
p|m
(
1 + νp(m)
p− 1
p
)
=
1
2
gcd(n, q − 1)
(
1 + 2l
(
1 +
1
2
ν2(m)
))∏
p|m
p 6=2
(
1 + νp(m)
p− 1
p
)
.
4.2. The case rad(n)|(qp − 1) with p an odd prime and rad(n) ∤ (q − 1)
Since the case rad(n)|(q− 1) is now completely described, we only consider the case that n has at
least one prime factor that does not divide q − 1.
Theorem 4.2. Let n be a positive integer such that ordrad(n) q = p is an odd prime and let f ∈ Fq[x] be
an irreducible polynomial of degree k and order e such that gcd(ke, n) = gcd(k, p) = 1. In addition,
suppose that q ≡ 1 (mod 4) if 8|n. Let θ be an element in F∗qp with order d = gcd(n, q
p − 1),
m = n
d
= ngcd(n,qp−1) and gt(x) be as in Lemma 2.2. The polynomial f(x
n) splits into irreducible
factors in Fq[x] as∏
t|m
rad(t)|(q−1)
∏
16v6d′
gcd(v, t)=1
β−vk gt(β
vxt)
∏
t|m
rad(t)∤(q−1)
∏
u∈Rt
[
θ−uk(1+···+q
p−1)gt(θ
uxt) · · · gt(θ
uqp−1xt)
]
,
where
1) d′ = gcd(n, q − 1), β = θgcd(n,
qp−1
q−1 ) is a d′ primitive root of the unity and
Rt =
{
u ∈ N
∣∣∣∣1 ≤ u ≤ d, gcd
(
n,
qp − 1
q − 1
)
∤ u, gcd(u, t) = 1
}
/ ∼d
in the case that p ∤ n or p ∤ (q − 1) or νp(n) > νp(q − 1) ≥ 1.
2) d′ = p · gcd(n
p
, q − 1), β = θ
gcd
(
n
p
, 1
p
qp−1
q−1
)
is a d′ primitive root of the unity and
Rt =
{
u ∈ N
∣∣∣∣1 ≤ u ≤ d, gcd
(
n
p
,
1
p
qp − 1
q − 1
)
∤ u, gcd(u, t) = 1
}
/ ∼d
in the case that p divides n and (q − 1), and νp(n) ≤ νp(q − 1).
Proof. Since gcd(k, p) = 1, f(x) is also irreducible in Fqp [x]. In addition, q
p ≡ 1 (mod 4) if 8|n and
so Theorem 2.3 entails that f(xn) splits into irreducible factors in Fqp [x] as
f(xn) =
∏
t|m
∏
16u6d
gcd(u, t)=1
θ−uk gt(θ
uxt),
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where θ is an element in F∗qp with order d = gcd(n, q
p − 1). Following the same inicial step of the
proof of Theorem 4.1, we observe that θ−uk gt(θ
uxt) ∈ Fq[x] if and only if d|u(q − 1). At this point,
we have two cases to consider:
1. p ∤ n or p ∤ (q − 1): in this case, we have that
gcd(n, qp − 1) = gcd
(
n,
qp − 1
q − 1
(q − 1)
)
= gcd
(
n,
qp − 1
q − 1
)
. gcd(n, q − 1).
Hence gcd(n, qp − 1)|u(q − 1) if and only if gcd
(
n, q
p−1
q−1
)
|u.
2. p|n and p|(q − 1): in this case, we have that
gcd(n, qp − 1) =gcd
(
n,
qp − 1
q − 1
(q − 1)
)
= p · gcd
(
n
p
,
1
p
(
qp − 1
q − 1
)
(q − 1)
)
=p · gcd
(
n
p
,
1
p
qp − 1
q − 1
)
· gcd
(n
p
, q − 1
)
.
Therefore gcd(n, qp − 1)|u(q − 1) if and only if
p · gcd
(
n
p
,
1
p
qp − 1
q − 1
)
· gcd
(
n
p
, q − 1
)
|u(q − 1). (7)
We split into subcases:
2.1. If νp(n) ≤ νp(q − 1), Eq. (7) is equivalent to gcd
(
n
p
, 1
p
qp−1
q−1
)
|u.
2.2. If νp(n) > νp(q − 1), Eq. (7) is equivalent to gcd
(
n, q
p−1
q−1
)
|u.
We observe that in the cases 1 and 2.2, the conclusion is the same. Therefore, in these cases,
θ−ukgt(θ
uxt) ∈ Fq[x] if and only if u = gcd
(
n, q
p−1
q−1
)
· v for some positive integer v. Since 1 ≤ u ≤
gcd(n, qp − 1), it follows that 1 ≤ v ≤ gcd(n, q − 1). In addition, since gcd(u, t) = 1, we have that
gcd(v, t) = 1 and νp′(q
p − 1) = νp′(q − 1) for every prime p
′|t. Thus, in the cases 1 and 2.2, the
numbers v and t satisfy the conditions gcd(v, t) = 1 and rad(t)|(q − 1).
Now, in the case 2.1, θ−ukgt(θ
uxt) ∈ Fq[x] if and only if u = gcd
(
n
p
, 1
p
qp−1
q−1
)
· v for some integer
v. Since 1 ≤ u ≤ gcd(n, qp − 1), then 1 ≤ v ≤ p gcd
(
n
p
, q − 1
)
. In the same way as before, we obtain
that v and t satisfy the conditions gcd(v, t) = 1 and rad(t)|(q − 1).
In conclusion, we have that the irreducible factors of f(xn) in Fqp [x], that are also irreducible in
Fq[x] are the form
θ−ukgt(θ
uxt) = β−vkgt(β
vxt),
where rad(t)|(q − 1) and β is an element of F∗q of order d
′.
Finally, if rad(t) ∤ (q − 1), we have that θ−ukgt(θ
uxt) ∈ Fqp [x] \ Fq[x]. In particular, since the
polynomial
p−1∏
i=0
θ−ukq
i
gt(θ
uqixt),
is invariant by the Frobenius automorphism and is divisible by θ−ukgt(θ
uxt), such polynomial is
monic irreducible over Fq.
The following result provide information on the number of irreducible factors of f(xn) under the
conditions of Theorem 4.2.
Theorem 4.3. Let n,m, q and f ∈ Fq[x] be as in Theorem 4.2. Then the number of irreducible
factors of f(xn) in Fq[x] is
p− 1
p
gcd(n, q − 1)
∏
p′|m
p′prime
(
1 + νp′(m)
p′ − 1
p′
)
+
gcd(n, qp − 1)
p
∏
p′|m
p′ prime
(
1 + νp′(m)
p′ − 1
p′
)
.
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Proof. From Theorem 2.4, the number of irreducible factors (over Fqp [x]) of degree kt for each t|m is
ϕ(t)
t
gcd(n, qp − 1). Therefore the total number of irreducible factors is:
∑
t|m
ϕ(t)
t
gcd(n, q − 1) +
∑
t|m
1
p
(
ϕ(t)
t
gcd(n, qp − 1)−
ϕ(t)
t
gcd(n, q − 1)
)
=
∑
t|m
p− 1
p
gcd(n, q − 1)
ϕ(t)
t
+
∑
t|m
1
p
gcd(n, qp − 1)
ϕ(t)
t
=
p− 1
p
gcd(n, q − 1)
∏
p′|m
p′prime
(
1 + νp′(m)
p′ − 1
p′
)
+
gcd(n, qp − 1)
p
∏
p′|m
p′prime
(
1 + νp′(m)
p′ − 1
p
)
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